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In the ﬁrst part of this note, we answer two open questions on rectiﬁable spaces.
We show that if C is a compact subset of a rectiﬁable space G and F is closed in G
then C · F is closed in G . This answers a question of [F.C. Lin, R.X. Shen, On rectiﬁable
spaces and paratopological groups, Topology Appl. 158 (2011) 597–610]. We also show
that every rectiﬁable p-space with a countable Souslin number is Lindelöf. This gives a
positive answer to a question of [A.V. Arhangel’skii, M.M. Choban, Remainders of rectiﬁable
spaces, Topology Appl. 157 (2010) 789–799].
In the last part of this note we point out that a non-locally compact rectiﬁable paracompact
space has the following conclusion:
If a non-locally compact rectiﬁable paracompact space G has a compactiﬁcation bG such
that the remainder bG \ G of G belongs to P , then G and bG \ G are separable and
metrizable, where P is a class of spaces which satisﬁes the following conditions:
(1) if X ∈P , then every compact subset of the space X is a Gδ-set of X;
(2) if X ∈P and X is not locally compact, then X is not locally countably compact;
(3) if X ∈P and X is a Lindelöf p-space, then X is metrizable.
Some known conclusions on rectiﬁable paracompact spaces and their remainders can be
gotten by this conclusion.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
All spaces in this note are Tychonoff spaces unless stated otherwise, a “compactiﬁcation” is a “Hausdorff compactiﬁca-
tion”. A remainder of a space X is the subspace bX \ X of a compactiﬁcation bX of X .
Recall that a topological group G is a group with a topology such that the product map of G × G into G is jointly
continuous and the inverse map onto itself associating x−1 with x ∈ G is continuous. A topological space G is said to be a
rectiﬁable space provided that there are a surjective homeomorphism ϕ : G × G → G × G and an element e ∈ G such that
π1 ◦ ϕ = π1 and ϕ(x, x) = (x, e) for each x ∈ G , where π1 : G × G → G is the projection to the ﬁrst coordinate. It is well
known that every topological group is a rectiﬁable space.
In 1958, M. Henriksen and J.R. Isbell [9] showed that a space X is of countable type if and only if the remainder in
any (or in some) compactiﬁcation of X is Lindelöf. In 2005, A.V. Arhangel’skii [1] showed that if a non-locally compact
topological group G has a compactiﬁcation bG such that the remainder bG \ G has a Gδ-diagonal, then G is metrizable. In
2007, A.V. Arhangel’skii [2] obtained that both G and bG \ G are separable and metrizable if G is a non-locally compact
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rectiﬁable spaces are similar with topological groups. In recently, there are more results on rectiﬁable spaces and their
remainders [4,10–12].
The following problem appears in [12].
Let G be a rectiﬁable space. If C , F are compact and closed subsets of G respectively, is C · F or F · C closed in G?
In this note we show that C · F is closed in G if C , F are compact and closed subsets of a rectiﬁable space G respectively.
In [4], A.V. Arhangel’skii and M.M. Choban posed the following question:
Is every rectiﬁable p-space with a countable Souslin number Lindelöf? What if we assume the space to be separable?
Separable and locally compact?
An aﬃrmative answer for the above question of the case of separable and locally compact rectiﬁable spaces was given
in [11]. In this note we give a positive answer to the above question of the case of rectiﬁable p-spaces with a countable
Souslin number. Thus every rectiﬁable p-space with a countable Souslin number is Lindelöf.
In [14], Peng and He gave a summary on property of a remainder of a non-locally compact topological group G in a
compactiﬁcation bG makes the remainder and the topological group G are all separable and metrizable. In this note, we
point out that a rectiﬁable paracompact space has a similar property. Thus some known conclusions on remainders of
rectiﬁable paracompact spaces can be gotten by this conclusion.
The set of all positive integers is denoted by N, and ω is N∪ {0}. In notions and terminology we will follow [5] and [7].
2. Main results
Lemma 2.1. ([6,8,15]) A topological space G is rectiﬁable if and only if there are two continuous mappings p : G2 → G, q : G2 → G




)= q(x, p(x, y))= y, q(x, x) = e.
The element e of a rectiﬁable space G is called a right neutral element of G satisfying p(x, e) = x for every x ∈ G . If G is
a rectiﬁable space and a map p : G2 → G satisﬁes the conditions of Lemma 2.1, then we denote p(x, y) by x · y and p(A, B)
by A · B , where A ⊂ G and B ⊂ G . In what follows, we use p and q to denote the two mappings which satisfy the conditions
in Lemma 2.1.
Theorem 2.2. Let G be a rectiﬁable space. If C is a compact subset of G and F is a closed subset of G, then C · F is closed in G.
Proof. Let p : G2 → G , q : G2 → G be two mappings such that for any x ∈ G , y ∈ G and some e ∈ G the next identities hold:
p(x,q(x, y)) = q(x, p(x, y)) = y, q(x, x) = e.
For any x ∈ G \ C · F , we show that q(C, x) ∩ F = ∅. Suppose q(C, x) ∩ F 
= ∅. We let d ∈ q(C, x) ∩ F and let d = q(c1, x)
for some c1 ∈ C . Thus x = p(c1,q(c1, x)) ∈ p(C, F ) = C · F . This is a contradiction with x /∈ C · F . Thus q(C, x) ∩ F = ∅. So
q(C, x) ⊂ G \ F .
Fix arbitrary x ∈ G \ C · F . For each y ∈ C , since the map q is continuous and the set G \ F is open in G , there are open
sets O y and V y such that y ∈ O y , x ∈ V y , and q(O y, V y) ⊂ G \ F . Thus C ⊂⋃{O y: y ∈ C}. Since the set C is compact,
there is some n ∈ N, yi ∈ C for each i  n such that C ⊂⋃{O yi : i  n}. If Vx =
⋂ {V yi : i  n}, then the set Vx is an open
neighborhood of x and q(C, Vx) ⊂ G \ F . Suppose Vx ∩ (C · F ) 
= ∅, there exists some a ∈ Vx ∩ (C · F ). We can assume that
a = c1 · f for some c1 ∈ C and f ∈ F . Thus f = q(c1, p(c1, f )) = q(c1,a) ∈ q(C, Vx) ⊂ G \ F . This is a contradiction with
f ∈ F . Thus Vx ∩ (C · F ) = ∅. Hence the set C · F is closed in G . 
Similarly, we have:
Theorem 2.3. Let G be a rectiﬁable space. If C is a compact subset of G and F is a closed subset of G, then q(C, F ) is closed in G.
Proof. Let p : G2 → G , q : G2 → G be two mappings such that for any x ∈ G , y ∈ G and some e ∈ G the next identities hold:
p(x,q(x, y)) = q(x, p(x, y)) = y, q(x, x) = e.
For any x ∈ G \ q(C, F ). Suppose p(C, x) ∩ F 
= ∅. Then there is some f ∈ p(C, x) ∩ F . We assume that f = p(c1, x) for
some c1 ∈ C . Thus x = q(c1, p(c1, x)) = q(c1, f ) ∈ q(C, F ). This is a contradiction with x ∈ G \ q(C, F ). Thus p(C, x) ∩ F = ∅.
The set F is closed, so the set G \ F is open in G and p(C, x) ⊂ G \ F .
Fix arbitrary x ∈ G \q(C, F ). For each y ∈ C , since the map p is continuous and the set G \ F is open in G , there are open
sets O y and V y of G such that y ∈ O y , x ∈ V y , and p(O y, V y) ⊂ G \ F . Thus C ⊂⋃{O y: y ∈ C}. Since the set C is compact,
there are some n ∈N, yi ∈ C for each i  n such that C ⊂⋃ {O yi : i  n}. If Vx =
⋂ {V yi : i  n}, then the set Vx is an open
neighborhood of x and p(C, Vx) ⊂ G \ F . We claim that Vx ∩ q(C, F ) = ∅.
Suppose there is some z ∈ Vx ∩ q(C, F ). There are some c1 ∈ C and f ∈ F such that z = q(c1, f ). Thus f = p(c1,q(c1, f )).
Since z ∈ Vx and z = q(c1, f ), we have p(c1, z) ∈ p(C, Vx) ⊂ G \ F . Thus f = p(c1,q(c1, f )) = p(c1, z) ∈ G \ F . This is a
contradiction with f ∈ F . Thus Vx ∩ q(C, F ) = ∅. Hence the set q(C, F ) is closed in G . 
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rectiﬁable subspace [11] of G , where p and q are continuous maps which satisfy the conditions in Lemma 2.1.
Theorem 2.4. Let G be rectiﬁable space. If H is a rectiﬁable subspace of G and x ∈ G \ H, then H · x∩ H = ∅.
Proof. Suppose H · x ∩ H 
= ∅. Denote h ∈ H · x ∩ H . There is some h1 ∈ H such that h = h1 · x = p(h1, x). So x =
q(h1, p(h1, x)) = q(h1,h) ∈ H . This is a contradiction with x ∈ G \ H . 
Theorem 2.5. Let G be a rectiﬁable space and let H be a rectiﬁable subspace of G. If h ∈ H and x ∈ G such that q(h, x) ∈ H, then x ∈ H.
Proof. Since h ∈ H and q(h, x) ∈ H , we have x = p(h,q(h, x)) ∈ H . 
In [11], it was proved that if G is a rectiﬁable space and B is a dense subset of G then G = B · U for any neighborhood
U of the right neutral element e of G . In fact, we have:
Lemma 2.6. Let G be a rectiﬁable space. If A ⊂ G and V is an open neighborhood of the right neutral element e of G, then A ⊂ A · V .
Proof. Let x ∈ A. Since q(x, x) = e ∈ V and the map q is continuous, there is an open neighborhood Ox of x such that
q(Ox, Ox) ⊂ V . Since x ∈ A, we have Ox ∩ A 
= ∅. There is some a ∈ Ox ∩ A, thus q(a, x) ∈ V . So x = p(a,q(a, x)) ∈ p(a, V ) ⊂
A · V . Thus x ∈ A · V . 
Recall that a space X is called a p-space [3] if there exists a countable family {Vn: n ∈ ω} of families of open sub-
sets of the Stone–Cˇech compactiﬁcation βX of X such that x ∈ ⋂ {Vn(x): n ∈ ω} ⊂ X for each x ∈ X , where Vn(x) =⋃ {U ∈ Vn: x ∈ U }. If x ∈ ⋂{clβX Vn(x): n ∈ ω} ⊂ X for any x ∈ X , then X is called a strong p-space [4]. A space X is of
countable type [3] if every compact subspace A of X is contained in a compact subspace F ⊂ X that has a countable base of
open neighborhoods in X . In [3], it was shown that every p-space is of countable type. Recall that a family U of non-empty
open subsets of a space X is called a π -base of a point x ∈ X , if for any open neighborhood V of x there is some U ∈ U
such that U ⊂ V . A family U of non-empty open subsets of a space X is called a π -base of a set L ⊂ X , if for any open
subset V of X with L ⊂ V there is some U ∈ U such that U ⊂ V .
Lemma 2.7. ([4, Corollary 2.8]) For any rectiﬁable space G the following conditions are equivalent:
(1) G is a strong p-space;
(2) G is a space of countable type;
(3) there exists a non-empty compact subset L of G with a countable π -base in G.
Theorem 2.8. If G is a rectiﬁable p-space with a countable Souslin number, then G is Lindelöf.
Proof. Since G is a p-space, the space G is of countable type. Thus there is some compact set F with countable open
neighborhood base {Un: n ∈N}. We can assume e ∈ F , since every rectiﬁable space is homogeneous.
Let U be any open cover of G . For each x ∈ G , the set Ax = x · F = p(x, F ) is compact and x ∈ x · F . There is a ﬁnite
subfamily Ux ⊂ U such that Ax ⊂⋃Ux . Since the map p is continuous, for each y ∈ F there are open sets O y and V y of
G such that x ∈ O y , y ∈ V y , and p(O y, V y) ⊂⋃Ux . Thus F ⊂⋃{V y: y ∈ F }. Since the set F is compact, there are some
n ∈ N, yi ∈ F for each i  n such that F ⊂⋃ {V yi : i  n} = V F . If Ox =
⋂ {O yi : i  n}, then Ox is an open neighborhood
of x. Thus p(Ox, V F ) ⊂⋃Ux . There is some mx ∈N such that F ⊂ Umx ⊂ V F . So p(Ox,Umx ) ⊂
⋃Ux . So G =⋃ {Ox: x ∈ G}.
For each n ∈ N we denote Xn = {x: x ∈ G and mx = n}. Thus G = ⋃ {Xn: n ∈N}. For each n ∈ N and x ∈ Xn ,
we have x ∈ Ox and p(Ox,Un) ⊂ ⋃Ux . We know that Xn ⊂ ⋃ {Ox: x ∈ Xn}. For each n ∈ N, denote Vn = {V :
V is open in G and there is some x ∈ Xn such that V ⊂ Ox}. There is a maximal family Cn ⊂ Vn of pairwise disjoint open
sets. Thus
⋃Cn ⊂⋃Vn = Ln and ⋃Cn is dense in Ln . We know that Xn ⊂ Ln . Since X has a countable Souslin number, the
family Cn is countable.
For each C ∈ Cn , there is some x ∈ Xn such that C ⊂ Ox . Thus p(C,Un) ⊂ p(Ox,Un) ⊂⋃Ux . Thus p(C,Un) is covered by
a ﬁnite family UC ⊂ U . By Lemma 2.6, we have Ln =⋃Cn ⊂ (⋃Cn) · Un =⋃ {p(C,Un): C ∈ Cn} ⊂⋃ {⋃UC : C ∈ Cn}.
So Xn ⊂⋃(⋃ {UC : C ∈ Cn}) for each n ∈N. If U1 =⋃{UC : C ∈ Cn,n ∈N}, then U1 ⊂ U , and |U1|ω such that X =⋃U1.
Thus X is Lindelöf. 
Theorem 2.8 gives a positive answer to Problem 5.10 in [4]. By Propositions 2.1 and 2.2 in [4], we know that if G is a
rectiﬁable space and if there is a non-empty compact subset F of G with a countable base of open neighborhoods then G
is a strong p-space. Thus we have the following proposition:
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borhoods, then G is a paracompact p-space.
Proposition 2.9 can also be gotten by Lemma 2.7.
To get Theorem 3.7 in [14], we just use the following properties of a topological group:
(1) Every topological group is homogeneous;
(2) Every ﬁrst countable topological group or a topological group which has a countable π -base at some point g ∈ G , is
metrizable;
(3) If a topological group has a non-empty compact subset F which has a countable open neighborhood base, then G is a
paracompact p-space.
Every rectiﬁable space satisﬁes the above conditions (1) and (2) ([8] and [4]). By Proposition 2.9, we know that if a
rectiﬁable paracompact space G has a non-empty compact subset F with a countable base of open neighborhoods then G
is a paracompact p-space. A Lindelöf p-space is a preimage of a separable and metrizable space under a perfect mapping.
Thus by a similar proof with Theorem 3.7 in [14], we have:
Theorem 2.10. If a non-locally compact rectiﬁable paracompact space G has a compactiﬁcation bG such that the remainder bG \ G of
G belongs to P , then G and bG \ G are separable and metrizable, where P is a class of spaces which satisﬁes the following conditions:
(1) if X ∈P , then every compact subset of the space X is a Gδ-set of X ;
(2) if X ∈P and X is not locally compact, then X is not locally countably compact;
(3) if X ∈P and X is a Lindelöf p-space, then X is metrizable.
In what follows, we use P to denote a class of spaces which satisﬁes the conditions which appears in Theorem 2.10. In
[14], it was pointed out that X ∈P if X has a locally Gδ-diagonal. A space X is called to have a locally Gδ-diagonal if every
point x of X has a neighborhood Vx which has a Gδ-diagonal.
Thus we have:
Corollary 2.11. ([12, Theorem 6.23]) If a non-locally compact rectiﬁable paracompact space G has a compactiﬁcation bG such that the
remainder bG \ G has a locally Gδ-diagonal, then G and bG \ G are separable and metrizable.
In 1973, H. Martin introduced the class of CSS spaces [13]. Let (X,T ) be a topological space and let C be the family of
all non-empty compact subsets of X . If there exists a function U :N× C → T such that:
(1) for every C ∈ C , C =⋂{U (n,C): n ∈N} and U (n + 1,C) ⊂ U (n,C) for n ∈N;
(2) if D ∈ C , C ∈ C , and C ⊂ D , then U (n,C) ⊂ U (n, D) for each n ∈N.
Then X is called a c-semi-stratiﬁable (CSS) space.
By the proof of Theorem 3.14 in [14], we know that a locally CSS space belongs to P . Thus we have:
Corollary 2.12. If a non-locally compact rectiﬁable paracompact space G has a compactiﬁcation bG such that the remainder bG \ G is
a locally CSS space, then G and bG \ G are separable and metrizable.
A collection B =⋃{Bx: x ∈ X} is called a weak base [16] of X , if for any x ∈ X the following conditions hold:
(1) for each x ∈ X , Bx is closed under ﬁnite intersections and x ∈⋂Bx;
(2) a subset U of X is open if and only if for any x ∈ U there is B ∈ Bx such that x ∈ B ⊂ U .
For a non-locally compact topology group which has a remainder with a point-countable weak base was discussed
in [14].
Theorem 2.13. ([14, Theorem 4.17]) Let G be a non-locally compact topological group, and let bG be a compactiﬁcation of G such
that the remainder Y = bG \ G has a point-countable weak base and has a dense subset D such that every point of the set D has
countable pseudo-character in the remainder bG \ G (or the subspace D has countable π -character), then G and bG \ G are separable
and metrizable.
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Theorem 2.14. Let G be a non-locally compact rectiﬁable paracompact space, and let bG be a compactiﬁcation of G such that the
remainder Y = bG \ G has a point-countable weak base and has a dense subset D such that every point of the set D has countable
pseudo-character in the remainder bG \ G (or the subspace D has countable π -character), then G and bG \ G are separable and
metrizable.
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